Complete Conics:

Notes, Examples, and Graphs
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and more. The examples and practice tests are designed to help you learn/review
this important Algebra Il topic.
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Circle Notes on Conics

What is it? A set of (coplaner) points equidistant from a given point (the center).

r = radius
d = diameter

d=2r
Area=‘rrr2

Circumference= 2-Wr or MWd

General Form:  Ax?*+ Bxy + Cy2+ Dx+Ey+F=0
where A=C

Standard Form: (x— h);2 +(y —k);2 =1

where (h, k) is the center
r is the radius

2 2
Example 1: x~+ y =49

y

(b, k) = (0, 0)

The center is the origin! 0.7

r2 =49

The radius is 7 7.0 (0.0) (7.0)

X
Comments:
? R {0, -7

Standard form: x~+ y —49=0

The coefficients of x> and y2 are equal (both are 1)
2 2 2 2
Any point on the circle will satisfy the equation. ~ (0)"+(7)" =49 (-7)"+ (0)" =49

The distance from any point to the center =7

Example 2 (x +2)* + (y-3)*=25
h=-2
k=3
The center is (-2, 3)
The radius is 5 7

i
("5}
Py

Comments:

v

2 2 2
Because the standard formis (x-h) +(y-k) =r
the centeris (-2, 3), NOT (2, -3)

. . . To check the graph, plug a few points into the eguation:
Since the center is (-2, 3) and the radius is 5, graph, plug a few p 4

we know the following points are on the circle: 2 2
(.3 @+ + (@3 =25

-7.3) 5 units left 5 2 B
Ezr'a)) 5 units right 55 + 0 =25 V
(-2, 8) 5 units up (2.8)  ((-2)+ 2)2 +(@®) - 3)2 — s

-2_-2) 5 units down
22 02 + 52 =25 Vv



Circles, Completing the Square & Inequalities

Example 3: x2 +y2-4x=21

The coefficients of x2 and y2 are the same (1),
s0 we know it's a circle.

2.5
To find the center, we complete the square. Then, @2
express the equation in standard form.
x2+yl-4x=21
x2-dx+y? =21 (-3.0) (7.0)
x2-dx+4 +y2 =21+4 (2.0) X
(x-2)(x-2)+y* =25
®—2)*+(y-0)? =25
h=2 2.-5)
k=0

To check your solutions, plug points info original equation:
@5 @ +6 -42)=21
4425 -8 =21
(3. 0): (-3)% +(0)% — 4(:3) =21
9 +0 +12 =21

The center is (2, 0)
The radius is 5

Example 4: x2+y? +6x— 16y + 48 <0

Step 1: Complete the square:

At first, we'll ignore the <t sign and

2 2 _ _ -
rewrite the equation in standard form. X7 +6x+y” — 16y = 48

X2 +6x+9 +yi-16y+64 = —48+9+64

E+3)E+IN+ y-8)y—8) =25

x+3)2+y-8)7% =25

The circle has center (-3, 8)
. and radius 5
Step 2: Graph and verify circle

xZ+y? +6x— 16y +48=10 y

2.8 ()X+(8)*+6(2)—16(8) +48=0

4+ 64 +12 — 128 +48=0
0=0 L~
(-3, 13): (-3)2+ (13)2 + 6(-3) — 16(13) + 48 =0 (8. 9) @.9)
9 + 169— 18 — 208 +48 = 0
0=0 L~
X
Step 3: Test points in original equation to
determine the shaded area.
¥ x2+y? +6x— 16y +48 <0
(0, 0) is outside the circle
(-3, 8) is inside the circle
3,8 Test (0, 0): (0)> + (0)° + 6(0) — 16(0) + 48 < 0
0+0+0 -0 +48 = 0 NO
Test (-3, 8): (-3)* + (8)* + 6(-3) — 16(8) + 48 < 0
©0.0) x 9 +64 - 18 - 128 +48 =0 YES!

Shaded region will include (-3, 8) and exclude (0, 0)



Find the equation of a line tangentto x2 + y2 —10x—8y= —16 atthe point (2, 8)

Step 1: Identify the Conic
Complete the square to put into Standard Form.
x2 +y2—10x—8y= —16
x?—10x+25 +y2-8y+16 =—16+25+16

-5 + -4 = 25

x-5*+y-9"= 25

Circle with center (5, 4) and radius 5

Step 2: Sketch a graph and verify.

The center is (5, 4)... And, the radius is 5..
S0, (5,9) up

(10, 4) right

(5. -1) down

(0,4) lft

are all 5 units from the center

and. using the distance formula:
NE-20+@-8 =5

we can verify that (2, 8) is 5 units from
the center.

Step 3: Identify the tangent line

To find the equation of a line, you need

a point and the slope.
Point: (2, 8)

What is the slope? Since a line tangent to a circle
is perpendicular to the adjoining radius, we need
to find the slope of that radius!

slope of segment connecting (2, 8) and (5. 4)

Therefore, the slope of a perpendicular line is 3

So, the equation of a line tangent to the circle at
(2.8) is

¢-8=3x-2)

(10, 4)

Note: To check your work, substitute a few points into the equation.

0, 4):  (0)* +(@)?* — 10(0)— 8(4) =16

0 +16 —0 —32 = —-16 L~
(10, 4). (10> + (4 — 10(10) — 8(4) = —16

100 +16 - 100 -32 = -16 V'
@2.8): (2% +@) -102)-8@8)= -16

4 + 64 — 20 — 64

= —16 L/J

All these points fit into the original equation; Therefore,
they are all points on the circle!




Circles Practice Quiz

L. Parts of a circle
Identify the radius, center, and 3 points on each circle:
pl pl
C) xZ—-2)"+F+1D" = 3

2 xP+y? =0 B) x*+(y- 37 =

center: center: center:
radius: radius: radius:
3 points: 3 points: 3 points:

R
D) o2 iiox+y2i= 24 E) 32439l 4ex+ 12949 = 0

center: center:
radius: radins:
3 points: 3 points:
I1. Equation of a Circle
Determine the equation of each circle from the given information
(Express your answer in both standard form and general form)
B) radius: 5 C) radius: 7
center: (-4, 0)

A) radius: 4
center: origin center: (2, 4)

E)

D)

©03)




Circles Practice Quiz

III. Graphing circles
Graph the following circles; label the center, radius, and 2 points

23
a) x2+ (-4 =16 B) x2+6x+y2+2y—15=0

IV. Applications

A) The diameter of a circle has endpoints (2, 4) and (8, 4).
‘What is the equation of the circle?

B) Given: circle x 2y v =25

line x+y=3

‘What are the points of intersection?

Solve algebraically and verify graphically.

C) What is the equation of the line rangent to
the circle (- 3)2 +(y- 4)2 - 10
through the point (4, 1)?
What is the equation of the normal through (4, 1) ?




Circles Practice Quiz

SOLUTIONS
L. Parts of a circle
Identify the radius, center, and 3 points on each circle:
A) x?+y% =0 B) x2+(y-3)7 =
center: (0. 0) center: (0. 3)
radius: - radius: 2
3 points: (g, 3) 3 points: (0, 1)
(3.0 (note: there are more 2,3)
than 3 possible points; -
(-3, 0) (0.5)

solution is a point)

D) complete the square to put into

standard form:

2+ 10x+yl= 24 E) 332

center: (-3:0) w24 10x+ y2= 24
radius: 1 x7410x+ 25 + yi= —24 +25
x+5)E+5) +yl=1
3 points: (-5, 1) (x+5)x+3) +y
2 2
(-5, -1) x+35) +y~ =1
-4.0)

center:

radius: /‘.E

Standard form of circle: (x — h)2 +(y— k)2 =2

where (h, k) is the vertex
t is the radius

0 - +E+1* = 3

center:

2.-D
A3

radius:
3 points: (/'/3_“' 2,-1)

(A3 +2.-)
@ A3-1)

F3y2 6+ 12y+9 = 0

(divide by 3

352+ 3y +6x+ 1249 = 0
and rearrange)

('lr '2)

2242w+ yi4dy +3=0

xZa2xt 14 yiray +4 =3+1+4

3 points: (0, -1)

E+DE+D+F+D)y+2) =2

@+’ +y+2)?

I1. Equation of a Circle

General Form: Ax 2+ Cy 2y Dx+ Ey+F=0

Determine the equation of each circle from the given information.
(Express your answer in both standard form and general form)

A) radius: 4 B) radius: 5 C) radius: 7
center: origin center: (2, 4) center: (-4, 0)
2 2 . 22 4y 2 = 25 . 2, .2
Standard Form:  (x— 0)° + (y— 0)° =16 Standard Form: |(x — 2)° + (v — 4)° =25 Standard Form: | (x + 4)"+ y~ =49
x4+ y 116 (expand terms and simplify)
General Form: x° — 43 +4 +y> — 8y + 16 =25 General Form: x”+ 8x + 16 +y* —49=0
General Form: | x2+y2 _16 = g 3
- vl
X2+_\’2—4X—3}’—5=0 X+ 8x +y- —33=0
2 2
X"ty +8—-33=0
D) B
Center: (0, 0) Center: (5, 2)
P = Radius: 4
Radius: 3 (5.16)
Standard Form: // \\ Standard Form:
/] ™ P 2
a2 ) oy “
(0.[3) Eryt=9 (x=5 +t@F—-2) =16
A ﬁ-\\ General Form: G.[2) General Form:
/ N\ 2,42 2 ot 952
f X*+y —-90=0 \ XT—10x + 254+ y<—4y+4=16
h AN pd x4 yr —10x -4y +13=0
\ 7 (Note: you may test points ~ ¥
\\ B > to check your equation) (5]-2)
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SOLUTIONS
III. Graphing circles

Graph the following circles; label the center, radius, and 2 points

A) x2+(y74j2 —16 B) x4 6X+Y2+2Y* 15=0 Change to Standard form
(to show center and radius):
©.18)

A ™, tex+yitay—15=0
Center: (0, 4)
Radins: 4

A6 ®+3)° +@+1* =25

WPHex+oryiaayt 1= 15+0+1

(-4{ 4) (0.]4) (4.|4)

\\ /’ Center: (-3, -1)
Radius: 5

(5}
'
—
=
()
'
—

(0,0)

IV. Applications

A) The diameter of a circle has endpoints (2, 4) and (8, 4).
What is the equation of the circle?

2 2
. . . . x—5 +t(y—4) =9
Since the endpoints of the diameter are given, we ( ) 06 )

can use the midpoint to find the center of the circle:
center: (5, 4)
Since the distance between endpoints is 6, the radius is 3

B) Given: circle xz-#—y2 =25
line X+y=3

What are the points of intersection?
Solve algebraically and verify graphically.

Algebraically. we'll use substitution: x=3-y

5

]
4+

et

Il
[S¥]
L

,
G-y +y' =25

9—6y+yi+ yi= 25 (-1.7,4.7) (4.7,-1.7)

approximate pts. of intersection

N
2y"—6y—16 =0

y —3y—8=0 4.7

7 -1.7
_ 3EA e aes) <+A/I and 35‘/§j

21

(substitute each y

. . . solution to find x)

C) What is the equation of the line tangent to
the circl 2 2

A x-3)Tr -9 =10 normal

through the point (4, 1)?

What is the equation of the normal through (4. 1) ? \

(To find the equation of a line, we need a point and slope) \__...-...,
pomt and SOpPe, 1 -
Point: (4, 1) /| ™

Slope? (**A tangent line is perpendicular to the
normal; and, the normal goes through the center!) —

\ o o
\

slope of line through (3, 4) and (4, 1) is -3 b \
(slope of perpendicular line: N
Equation of normal:  (y - 1) =-3(x - 4) opposite reciprocal - 1/3) (4]

Equation of tangent: (y-1)= 1_ (x-4) /: I

tangent

=N




ELLIPSE

"Look, a solar ellipse."
"Hey. Eukie, I think you're seeing double..

.. You need to focus."

~Elements *

After too many drinks, an intoxicated Euclid makes
an absurd geometry claim.




Ellipse

What is it? A "stretched circle".
A set of (coplanar) points that have the same 'sum of distances to 2 given points (foci)'.

Minor Axis

Horizontal
E]]jpse X co-vertex
a b
Major Axis
vertex forus ocus 2 vertex
d c
atb=c+d
co-vertex v

General Form: Ax” + Bxy + Cy> +Dx+Ey+F =0

where A+ C
and A and C have the same sign

(neither can be 0)

: 2 2
Standard Form (x—h) . (y- k) .
a’ b?
where (h, k) is the center

a is the "horizontal radius" (distance from center to "horizontal end")
b is the "vertical radius" (distance from center to 'vertical end")

Example 1 (x 1 4) P G- 222

(-4, 5)
h=—4 .
> center is (-4, 2) '_\

=5  major axis has length 10 units

a
(-9.2
b=3  minor axis has length 6 units o \ (-4, 2) /

(L.2)

|

(-4,-1)

Comments:

If a>Db, then the ellipse will be horizontal. (major axis is parallel to x-axis)
If a<b, then the ellipse will be vertical. (major axis is parallel to y-axis)

a#b. (Ifa=b, then it would be a circle!)

Any point on the ellipse will satisfy the equation.

2 2
'major vertex' (1, 2): ((])2"; ) + @-2) _ 1 25 L0 _ 1
e 9 9

A+ 47 (5)-2)° o 9 _
((;5 )+(()9)=1 St 1

'minor/co-vertex’ (-4. 5).



Ellipses: Identifying the Foci:

If ¢ = distance from center to each focus,
2a = length of horizontal axis
2b = length of vertical axis

then c? = a? —b?
02— p2 a2
2 2
(x+4) N ) R
25 9
a=35
(length of horizontal axis = 10)
b=3

(length of vertical axis = 6)

Since a > b, it's a horizontal ellipse.
So, to find the foci, we'll use

2 2 2
c-=a“—b~
Since the center is (-4, 2),
2= 25-9
c=+4 the foci are (-8, 2) and (0. 2)
Example 2:

4x +yF —40x+6y+93=0

To find the center, we complete the

when a > b (horizontal ellipse)

when b >a (vertical ellipse)

(-4.5)
,\

0.2)

(-8.2)

1.2)

(-9.2)
\ 4.2)

\_‘_// X

(-4.-1)

The coefficients of %~ and y?' are 4 and 1.

Since they are different, the same sign, and
neither is zero, it is an ellipse.

square. Then, express the equation in
standard form.

4x? +yF —40x+6y+93=0

4x% - 40x +y‘2+6y:—93

www.mathplane. com

4x? —10x+25)+ y2+ey+9 =—93+4(25)+9
Ax—5)x—5+(y+3y+3)=16
sx-5P +(+3 =16

=5 +(y+3Y =1
1 16

center: (5, —3)

‘'minor’ vertices: (3, -3) (7, -3)

a=2
b =4 | 'major vertices: (5, 1) (5,-7)

Since b = a, it's a vertical ellipse.
(major axis is parallel to y-axis)

(1,-3)

To find foci, use ¢? =b* —a?
=16—-4 =12

c=+243
fociare (5, —3+24/53) and (5. —3-24/3)

Comments: The distance from focus to minor vertex (7, -3) = 4
and the distance from center to major vertex (5, 1) =4

To verify graph, plug points into original equation.
4x% +y2 —40x+ 6y +93=0

(5. 1) 457 + ()7 —40(5)+ 6(1) + 93 =0

100+1—200+6+93=0
0=0 1"




Ellipses: constructing and solving equations

Example 3: Given Foci (2.1) and (8, 1)
Length of major axis: 8 units

a) Write equations of the ellipse in Standard and General Forms

b) Graph the Ellipse
¢) Where does the line x =3 tersect this ellipse?

Step 1: Identify given parts
Foci: (2.1) and (8, 1)

Since the midpomt is (5, 1), we know the center is (5, 1)

h=-5 5D @D
k=-1

and the minor axis is a vertical segment through (5, 1)

Length of the major axis is § units. Since the major axis will pass
through the foci and center, we know it's a horizontal line segment
with midpoint (5, 1)..
Therefore, the major vertices are (1, 1) and (9, 1).

(4 units left of center & 4 units right of center)

Step 2: Find length of minor axis.
For a horizontal ellipse, ¢2=a? — b? (because a > b)

(center to focus) c=3
(length of major semi-axis) 4= 4
(length of minor semi-axis) b =7

@ =@’ v’
2

9=16—b

b=nA7

Step 3: Construct the Equations!

2
Standard Form: (x— h)l n oG-k _ 1
a2 b2 - center: (5, 1)
major axis (2a) : & units
2 2 minor axis (2b) : 24/7 units
(x—5) _‘_(y*l) -1

16 7 h=35
k=1
se algebra to convert to General Form a=4
(Use ale ) b=#T
2 2
Tx—5) +16(y—1) =112
7x2 — 70x + 175 + 16y% — 32y + 16 = 112
7x2 + 16y2 — 70x — 32y + 79 =0
Where does x = 3 intersect the ellipse? (minor vertices)
(plug = = 3 into one of the equations above) (5.364) = (5.1+4D)
R (3,-1.64) = (5. 1-47T)
2 =
G-, -0 _ x=3
16 7
2 (5.3.64)
4 -1 :
L (Y7 ) (3.329) | ——
5 Intersection points:
G- 3
2 = (3,3.29)
’ ! and (1=\) 95 ]
21 2 —
- G- (3,— 1.29)
G129 [ (5.-1.649)
N21 5. -1
s 5 Ty~ 1




Eccentricity (conics)

What is it?
Examples:
Circle: e=0
Ellipse: 0<e=1
2 2
Xty' =9

(note: the vertical distance from the

center to the circle is equal to the
horizontal distance --- 3)

e=0

(one could say

Hyperbolas and Parabolas have eccentricity, too...

Examples:
Hyperbola: e>1 b
Parabola: e=1
x2_ y2
o 1!
e= A0 Z o5
3
a=3
b=1
C=A10

a
b
c

horizontal ellipses and hyperbolas:

e= —
a

vertical ellipses and hyperbolas:

_c
%

A mumber that expresses how drawn out ("stretch" or "ovally™") a conic section is...

2, 32

+ 4 — + L =

6 o ! 36 4 1
:C__N'__ €=C—= f’jg‘l“
°= @ T3 T 66 I
a=4 a=6

b=3 b=2

c=AT c =442

1.2
X=—_y
> ¥
2 2 =
XY e=1
1 5
e one may say the 2 parts of the
e= N26Z 51 hyperbola are on top of each other
1
a=1 (i.e. the dimensions of the box
b=5 are ax 0)
C=A/26

O > >

e=1 —



Circle and Ellipse:

Solve and Graph: <2+ 5y2 =49

x2+ y2 —_4x=21 Graph 1st equation

x?+ 5yt =49
Solve (using substitution) L?' . i _1
. Ellipse 49 49
(1st equation) %2+ 5}’2 =49
R ) RS
yT=49-x 49 49/5
2_ 49— x?
5
(2nd equation) X3+ y?- —4x =21 (©.3.13)
2
("substitute 1stinto 2nd")  x2+ 49% —-4x=21 /\

o (-7.0) (7. 0)
(multiply by 5) 5%+ 49— x? — 20x =105 ’ k_/
(collect terms) 4%2_20% — 56=0 (0. -3.13)

(divide by 4) x2_5%x —14=0
(factor) x-7)(x+2)=0
x=17,-2 Graph 2nd equation
. ! x2+yl-4x=21
oy . 2 2
(plug x = 7 into 1st equation) + =

) 5y2 49 (complete the x2-4x +y? =21

49 + 5v° =49 square)
(7.0) v x2-dx+4+y2 =21+4

y=0
(check 2nd equation) 7 2. 0 2 47)y=21 Circle (x - 2)2 N y2 =3
-naed )"+ O =4(N= Center: 2,0,
49+0 — 28=21 Radius: 5
=217 &2
(plug x = -2 into 1st equation) (_2)2 + 5y2 =49
2 _
(-2.3) 43y 2 =49 (-2,0) 7.0)
Sy~ =45
(-2,-3) y? = :
y=7*3
(check 2nd equation) (_2)2 + (3)2_ 4(-2)=21 2.5
4+9—(-8)=21 '
21=21 L
2 2 Graph the System!
(-2)" +(=3)-4(-2)=21
4+9-(-8)=21
21=21v"

(7.0

S
—




Ellipses Practice Quiz

D) 3244y~ 18x+8y+19=0

L. Parts of an Ellipse {.\'op{iol‘_al)
Identify the center, vertices, co-vertices, foci, and 1 random point on each ellipse:
A 2 2 C
) x+D", +t4 B) 4x2+9y2=36 )
4 25

center: center:
vertices: vertices:
co-vertices: co-vertices:
foci: foci:
random point: random point:

E) xP4ex+3y?—12y=-1

5
x-
5

)
Ay -3 _
+ =1
center:
vertices:

co-vertices:

foci:

random point:

center: center:
vertices: vertices:
co-vertices: co-vertices:
foci: foct:
random point: random point:
I1. Equation of an Ellipse
Determine the equation of each ellipse from the given information.
(Express your answer in both standard form and general form)
A) Fock (2,7+43) B) Major Intercepts: (0, 6) (0, —6) )

@.7- A%

Minor Intercepts: (3,0) (—3.0)

One Vertex: (0, 7)

(-3:4)

/’_ —‘\\

LT LT




Ellipses Practice Quiz

III. Graphing Ellipses
Graph the following ellipses; label the center, foci, and vertices. Find the eccentricity.
A) Center: (4, 5) B) Foci: (-3.4) (9.4

endpoint of major axis: (4, 8) Length of major axis: 14
endpoint of minor axis: (6, 5)

IV: Applications
A) Identify 3 other random points on this ellipse:
Then, verify your choices algebraically.

(-4{ 6)

B) Given: ellipse axt — 24x + 9y2+36y+ 36=0
line 2x+3y=6

‘What are the points of intersection?
Solve algebraically and verify graphically.

C) The equation for Ellipse Eis  (x — 2j2+ (y + 3)2: 1
4 9

Express Ellipse E in general form.

Write the equation for the ellipse reflected

over the y-axis. (Ellipse E")

Express E' in both general form and standard form




Ellipses Practice Quiz ‘ Standard from of a ellipse: (x —h) 2 . (v — k)2 _
2

2

a b
where (h, k) is the center

SOLUTIONS 1

1. Parts of an Ellipse

Identify the center, vertices, co-vertices, foci, and 1 random point on each ellipse:

2 2 2 2 2
A &+ 1)2_'_ (v +4f = (vetticalelipse)  B) .2 +oy? =36 ; + % =1 © _§2+ 4(Y9_ E) I X+ (39”’) -1
7 25 5
Al25 "horizontal ellipse” e P
center  (-1.-4) g - center: (0. 0) ( pse”) center (0. 3) ("horizontal ellipse")
E— b=5 E— -
- a=Als
i (41 1) (-1. 0 vertex 5 above center coes (3.0) (3.0 o (—AS5.3 5.3 s
vertices: (7' ) (L9 vertex 5 below center CTUCES: 7( ) vertices: 59 A/_ ) b=3/2
a=2 c=A1
co-vertices: (-3:=9) (L. -4) o vortex 2 teft conter  co-vertices: (0, 2) (0,-2) co-vertices: (0. 9/2) (0,3/2) 2
(-1 -1+ 4/2_1) co-vertex 2 right of center A5 5 a2 pt m
. ’ 1422 L A5 0 (50 . (—_ )(_ )
foci: (-1,-4—A21) cs b'_— a foci: (A5, 0) (45, 0) c= Tis foci: 7. 3 7, 3
=21 —
543 ¢ 245
random point: (05~ 4) random point: (%73 ) approx: (2, 1.49)  random point: (3/3:2)
) 5. approx: (0, .33) 2 . E—
ifx=0,then (y+4)_ 3 letx=2,then Y = 2 2 )
25 4 9 lety=2, then %X = ;
D) ,.2 2z _ P E) .2 2 k
X" +H4y" —18x+ 8y +19=0  (complete the square) X+ 8x+3y" —12y=-1
(complete the square)
3% — 18x + 4y~ + 8y =-10 ter: (-4,2)
center: (3. 1) . S cenmter - 2+ 8+ 16+3(v2 —dy+4)=-1+ 16+ 12
E— 32— 6x+9)+d(yl+2y+1)=-19+27+4 @A) ) (',, y+4)
vertices: (5.-1) (1.-1) 3(x— 3)2 4y + U: —12 vertices: (-4 —3 //3,2) x+4) +3(y—-2) =27
3,-1+A/3 2 2 2 2
co-vertices: E3 —1—a/ 3; e M VA co-vertices: (4 5) (4. -1) % + @ =1
4 3 -4+3 42 2)
foci (41 (2. -1) a=2 fock (-4 -34°2,2) a=3
D b=43 b= A27=3A3
random point: (4 1/2) c=A1-3 =1 random point: (0. 3.91) e AT = 3T
Ifx=4, (F+ 112_ 3. vo1m Ifx=0, then (y-2) 11
II. Equation of an Ellipse 3 T 4 i - 9 - 27
Determine the equation of each ellipse from the given information. 541
(Express your answer in both standard form and general form) y=2+ 3
A) Foci (2,7+43) B) Major Intercepts: (0,6) (0, —6) (&) &lo
Q2. 7-HN5) Minor Intercepts: (3, 0) (=3, 0) =TT 1
One Vertex: (0, 7) k
midpoint of major intercept: (0, 0) A P
midpoint of the foci is the center midpoint of minor intercept: (0, 0) / b= 4j \
center: (2, 7) center is (0, 0) 34 &2 dE
) ) ‘ ) \ “—;.—rr.;,_/J
foci have the same x term, therefore length of a: (0, 0) to (0. 6) = 6 ("vertical radius") \ a6 /
it is a "vertical ellipse" length of b: (0. 0) to (-3, 0) = 3 ("horizontal radius")
o ol ] L
If vertex is (0, 7) el %= i 3.0)
and center is (2, 7), 9
then other minor vertex
is (4, 7)...
=2 P . change to general form:  (multiply by 36)
- a-’ - R ax? + yz =36 a=6 ("horizontal radius")
s=a" - Q) test intercepts to check b=4 ("vertical radius")
a=3 S, your equations! center: (3, 4)
=7 +y" -36 =0
2 . 2 P
x-2" G=7_ e S) RO ) MY
T - 1 ) 36 16 (multiply by 144)
(2. 10) and (2, 4) are the General Form of an ellipse:
major vertices Ax?+Cy? +Dx+Ey+F=0 4(x — 3)2 +9y —49 2144
2 2 A C andA and C have same sign
Sx—2 4y -7 =36 7 - 4[x% — 6x+ 9] + O[y? — 8y + 16] = 144

ox 2+ 4y 2— 36x — 56y + 196 =0

4x2+9y2 —24x— T2y +36=0




A) Identify 3 other random points on this ellipse:

Then, verify your choices algebraically.

(determine equation of ellipse)

center: (-4, 3)
a=4
b=3

G+, -3
6t oo

3 jrandorp ppints
of the elfipse (-4] 6)
(-8 3) (0] 3)
h A
-40)

B) Given: ellipse 4x* — 24x+ 9y~ + 36y + 36 =0
line 2x+3y=6
‘What are the points of intersection?

Solve algebraically and verify graphically.

6—3y

2

x= then, substitute into ellipse

1y 2 e
4(E=3y-24 (823¥)+oy? +36y+36=

] 2
(6—3y) — 12(6—3y) + 9y% +36y+36=0
36— 36y + 0y° - 72+ 36y + 0y2 + 36y +36=10
18y2 +36v+ 0 =0
18y(y +2)=0

C) The equation for Ellipse Eis  (x — 2)2+ y+3)
3 9

2

Express Ellipse E in general form.

Write the equation for the ellipse reflected
over the y-axis. (Ellipse E")

Express E' in both general form and standard form

B 9(x+2)° +4(y+3)? =36

| 0x2 +4y2 +36x+ 24y +36=0

. - ; a = "semi-major axis =
Ellipses Practice Quiz length" SOLUTIONS eccentricity : €= —— , ,
b = "semi-minor axis 0<e=1 (x-3) (v- 4)': .
III. Graphing Ellipses length" 49 13
Graph the following ellipses; label the center, foci, and vertices. Find the eccentricity. "horizontal ellipse”
A) Center: (4, 5) B) Foci: (-3.4) (9.4
. . . . ) Center: (3. 4)
endpoint of major axis: (4, 8) Length of major axis: 14 i N
. ) . = (midpoint of foci)
endpoint of minor axis: (6, 5) Center: (4, 5)
Major vertices: (4, 8) (4, 2) a=7 ) )
a=3 (length of 1/2 major axis)
Minor vertices: (2, 5) (6, 5) (3.]7.6
(co-vertices) [ . c=6
(4.8) b=2 (distance from center
T N B oh Focns)
A2 TN ., » Gk o5 // to each focus)
¢f=37-22 2+ 2=
als @5 - 4 9 ) e 0 % 357
2.5 - - T (-44) (34 Aol 4
\ e= N5 =~ 745 \\\ /1/ b= 13
Nor 3 e — — ] ¢=a’-b”
(4.12) foci (4, 5+4/5) aPProx. (4,7.23) —
s _A/T) (4, 2.76) G- )‘ minor vertices:
e (3. 4 T213)
note: .8§57 > .745 therefore, the
IV: Applications ellipse is "more oval"...

(substitution to find points!)
Letx=-1 (note: there is

2 N axis symmetry)

O(-17 + 72(-1) + 16y~ - 96y + 144 =0

16y% - 96y + 81 —0

(-1,1.02) (-1, 4.98)

(factor/quadratic formula)

v M approximately: 1.02
(change to general form) : 24 and 4.98
o(x + 4)3 +16(y - 3)3 ~aa Letx=-7 (substitute) =
' (9t o3, | 3D
9x? + 72x + 144 + 16y° - 96y + 144 = 144 6 T 4
») »l 2
O9x“ 4+ 72x+ 16y° -96y + 144 =0 (}.-.3)=1_9_ ‘_3=+ 63
3 16 -4
ellipse in standard form:
4x7-6x +9 )+oy? +dy+4)=-36+72
2 2
4x-3)° +9y+2)° =36 2x+3y=6
2 2
-3 + y+2)* =1 I
9 4 ~
0 .
= =
y=0 N
then,
x=3 (/ \\\\
y=-2 b, A
then, ~ 7 .
X=6 \\
1
When reflected, the ellipse maintains the
shape -- but, the center changes.... (center changes from
(2. -3) to (-2, -3)) 2 2
B gx+2f+ y+3? E: 9(x—2) +4(y+3) =36
4 ? 9x2 +4y2 — 36x + 24y +36 =0

(Note: when reflected over the y-axis,
the coefficient of x ("D term™) changes signs!)
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Hyperbola

What is it? A 'reversed', "inside-out' ellipse.

Notes on Conics

A set of points that have the same 'difference between the distances to 2 given points (foci)'

Comments:
(h, k) is the center

The foci and vertices are on the same horizontal axis (y = k)

e—f=c—d

Comments:

a is the distance from the center
to each vertex.

Vertices are (h—a, k) and (h+a, k)

c—d=2a

General Form: Ax’ + Bxy + Cy2 +Dx+Ey+F=0
where A+ C

. 9 2
Standard Form: (X _ h)— B (y _ k)A- _

2 ¥
a“ b~

where (h, k) is the center

Slopes of the Asymptotes are +

Horizontal Hyperbola

and A and C have opposite signs
(neither can be 0)

b

a



Hyperbolas: Finding the Focus, Graphing, and The "Box" Notes on Conics

Example 1: X2—4y2—8x+ 16y —36=0

Complete the square to transform General Form
into Standard Form.

oo R
Il
[FSI= R SN

x2-8x —4y? + 16y =36

<2_8x — iy 2 4y)=36 36 > -9, s0 it's a "horizontal hyperbola"

x2— 8x +16 — 4y 2— 4y +4) =36+ 16 — 4(4) Center: (4, 2)

(x— 4)2 — 4y - 2)2 —36 Vertices: (10, 2) and (-2, 2)

2 2 2
Focus: ¢“=a“+b-

2 2
-4 _ -2 _, =36+9
36 9 ¢ =1345
(4+345.2) and (4-345.2)
(10.7.2) -27.2)
e
o | Asymptotes are lines through the center
e with slopes:
~ . 3 -3
>\/ a /01y 3 and ra
s ey (lﬁ\ﬁ) b b
= - a a
- X
- - 1 1
//,// ‘“‘x_HH YZEX and y='—EX+4
- .
- (asymptotes)
y
Comments:
To check work, plug the vertices into the original equation:
(2.2) (22 =42 —8(-2) + 16(2) — 36 =0
4—16+16+32—-36=0 ¥
(10:2) (101 — 42)2 - 8(10) + 16(2) — 36 =0
100-16—80+32—-36=0 % ellipse -- sum of the distance to each focus

hyperbola -- difference of the distance to each focus

Hyperbola: (Comparing hyperbola & ellipse Ellipse:
2 2 with the same a, b, and center) a2 2
x—4 _ -2 _, x—4y (Y92) -1

36 9 36

et =a?+b? c?=at-p?




Hyperbolas: Vertical Hyperbola

Example 21 9x* — 16y + 90x + 32y + 353 =0
Complete the square to put into Standard Form.
0x’ + 90x — 16y2 + 32y = — 353
9(x2+ 10x) — 16(y2 — 2y) = — 353
9(x 2+ 10x + 25) — 16(y 2— 2y + 1) = =353 + 9(25) — 16(1)
ox + 5)2 — 16(y — 1) =—144

— X+52+ -1 _

-0 =

16 9

‘ Notes on Conics

2 2
9 16

Since the x term is negative and the
y term is positive, it is a vertical hyperbola.

Center: (-5, 1) a=4
b=3
c=p16+9 = +5

3

Asymptote slopes: + n

Vertices: (-5, 1 — 3)
(-5.1+3)

Foci: (-5.1—5)
(-5,1+5)

Comment:  To verify the hyperbola is vertical, test the potential vertices.

Ox* — 16y* + 90% + 32y + 353 =0

(5.4)  9(-5)% — 16(4)2 + 90(-5) + 32(4) + 353 =0 (-5, -2)
225 — 256 — 450 + 128 + 353 =0
0o=0 W
(-0.1)  9(-9)% — 16(1)* + 90(-9) + 32(1) + 353 =0 (-1, 1)

729 — 16 — 810 + 32 + 353=0

28840 X

9(-5)% — 16(-2)2 + 90(-5) + 32(-2) + 353 = 0

225 — 64 —450 —64+353=0

o=0 ¥

9(-1)% - 16(1)% + 90(-1) + 32(1) + 353 = 0

9 —16 —90 +32 +353 =0

wsfo X

These points are NOT on the hyperbola.
Therefore, the hyperbola must be vertical.



Hyperbola and Ellipse

Conic System: Hyperbola and Ellipse

Solve and Graph the following system: 7x2 - 9y2 =31
532 +oy? =161

Algebraically: 72 — 9}’2 =31
sx? +oy? =161

(use combination method)

2
12x° =192
x2 =16
X=x4

(plug x into 2nd equation to find y)
2 2
54)7 +9y” =161
oy? = 81
y=13
2 2
5(-4)" +9y” =161
oy* = 81
y=1x3

Solutions: (4, 3) (4,-3) (-4.3) (-4, -3)

Conic System: Hyperbola and Ellipse Graph

¥y
(0. 4.23)

5.67,0)

Graphically:

sx? +0oy2 = 161

5 2. 9 2
161 1617 ~1
<2 y2

- =1

%)

161
5

—_—

Horizontal Ellipse

_ 4 [net
a= (T) 5.67

b= (@) 4.23

161
644 zf\/_
c=+ 25 == 5 3.78

3

center: (0, 0)
Foci: (-3.78, 0) and (3.78, 0)

Major Vertices: (-5.67, 0) and (5.67, 0)
Minor Vertices: (0, -4.23) and (0, 4.23)

y

(0.4.23)

(-3.78, 0)

i
N

J(i_sz 0 x

Horizontal Hyperbola

center: (0, 0)
Foci: (2.81,0) and (-2.81,0)
Vertices: (2.10, 0) and (-2.10. 0)

(0. 1.86)

(2.81.0)




Hyperbolas Practice Quiz

L. Parts of a Hyperbola
Identify the center, vertices, foci, and asymptotes of each hyperbola:

2 2 2 2
A x-2_ G+ B) 4 —oy?= 144 O = @g+y_
25 9 9 49
center: center: center:
vertices: vertices: vertices:
foci: foci: foci:
asymptotes: asymptotes: asymptotes:
D) 4x2 - 3y24 40x+ 18y +61=0 B) o2 - tey=18
center: center
vertices: vertices:
foct foci:
asymptotes: asymptotes:
II. Equation of a Hyperbola
Determine the equation of each hyperbola from the given information.
(Express your answer in both standard form and general form)
A) Vertices: (3,0) (7.0) B) Foci: (-2,-2) (-2.8) )
Vertical distance to the "box": Vertices: (-2, 0) (-2, 6)
("semi-minor axis length") ’ ’
4 units |
NG %
N //
AN
// N
P [
—a‘/’ \&




Hyperbolas Practice Quiz

III. Graphing Hyperbolas
Graph the following hyperbolas; label the center, vertices, foci, and asymptotes.

A) 25x3—y? - 100x+75=0 B) 10(y—3F — 4(x— 57 =40

IV: Applications

A) Given: hyperbola 4x? - y2 =

line x+3y=1

‘What are the points of intersection?

Solve algebraically and verify graphically.

B) Find the x and y-intercepts of the hyperbola.

Graph the hyperbola, labeling the intercepts.

x?-y? +ax+sy=13




Hyperbolas Practice Quiz ‘ SOLUTIONS

1. Parts of a Hyperbola

Standard Form:
("horizontal" hyperbola;
horizontal line segment
would connect vertices)

= G-B_

a“ b=

Identify the center, vertices, foci, and asymptotes of each hyperbola:

2 i 2 rewrite
A x-_w+1 o, B) 4 —oy?= 144 (Tf“m? O = gry (rewne)
25 9 x?_ ¥ 0 19 2 2
2 =1 Gt+4 - x _
T 36 1 o o -1
o "a"=p25=5
center: (-1 =(2.-1) T =A0 =3 center; (0:0) *semi-major axis” 6 center: (09 "vertical" hyperbola
vertices: (7--1) (:3.-1) QE5-D ettices: 6:0) (6.0 semiminorasisid es (071D (0.3) "3t =3
approx. a2+ b2 = o2 o R
353 .1 focir (@ +AB34,-1) (2-434,-1) foci (-2/M13,0)(2413,0) a“tb =c” . (0, -4 +4/58) (0,-4-A'58) "c"= A58
(-3.83, -1) Toct: c=A51 oci: : : . foci:
(7.83,-1) _ 3 36+ 16=c” B .
asymptotes: ~ tl=FE-3 asymptotes: ¥ = (2/3)x c—2413  asymptotes: y=T7x3-4 (:Su;cei;;\ ?:n
-3 =1 ]
L y=(2/3)x approx. 7.2 y=-Tx/3 -4 the vertices
- and foci are
slope of asymptotes: b _ 3 —b 73 slope: 4/6 and -4/6 slope: b/a and -b/a 'vertical’)
a 5 a 5 7/3 and -7/3

both asymptotes go through the center (2, -1) asymptotes go through center (origin)

asymptotes through center (0, -4)

D) 4x? —3y24 40 + 18y + 61 =0 B) o2 — @ igy=18 ox2— (v — 6y +9)=18 -9
(complete the square to change to standard form) ox?— -3 2_ 9
4x2+ 40x - 3v2 + 18y =-61 ) (y- 3)2
-5.3 24 5y —3(y?2- =. - - =1
center: 5+ 3 4(x2 + 10%+ 25) sz(y 6y+ 92) 61+ 100-27 center. ©3) 9
vertces: (5 T43.3) (5-43.3) AT 0TI ces: (1.3 (1.3) 1Y
’ 45 2 (y— 3)2 vertices: : : k=3
e, (5 HNT.3) (5-A.3) i_l3 G-,y (AT A ;ila
2 : -
3= =xT5) . —— =M_ C=.”\/E
asymptotes: ¥ A3 a" (semi-major +) =4'3 . y=3%x+3
yip - _2 . "b" (semi-minor -) = 2 asymptotes: _ 7
y-3='”l—/3_(x+5) y=-3x+3

e

slope of asymptotes:+ 2

3

II. Equation of a Hyperbola

Determine the equation of each hyperbola from the given information.
(Express your answer in both standard form and general form)
A) Vertices: (3,0) (7.0)

B) Foci: (-2.,-2) (-2,8) )

2 2
GE-9- F-3) 4
9 -

center: (4, 3)
vertices: (1, 3) (7, 3)

semi-major axis (a): 3 units
semi-minor axis (b): 2 units

Vertical distance to the "box": Vertices: (-2, 0) (-2, 6)

("semi-minor axis length")

4 units center: (-2, 3) -

Since the vertices are (3, 0) and (7, 0), . . d ‘-\ /"ﬁ
the center is the midpoint: (5.0) o snce verfices are (-2.’ 9) and (-2, 6). ™ P

pomt- {5, U).- the "semi-major" axisis 3 ("b" =23) \\ //
The "semi-major” axis is 2 ("a" =2) ("vertical hyperbola™)
Since the "semi-minor axis length" is 4, "b" = 4 focal length: distance from center

- — to focus=5 ("c"=35) 4 AN
2 Z \

Standard form: (x—5) _ (y—0) - , 2..2 2 . //J AN

4 16 since a“+b“=c¢* ,"a"=4 o \Nl_

2 2 A z

(multiply and change to general form) Standard Form: j}’g‘_ﬂ - %) =1

(multiply by 144 to change to general form)

4x—57 —1(y—0) =16

2 2
i —40x+100 - y* =16 16(y - 3) - 9(x 1 2)" = 144

16y2 - 96y + 144 - 952 - 36x - 36 = 144

4x—4¢ -9y —3)2=36

4 —y2—40x+84=0
(general form)

—9x* + 16y2 — 36x — 96y — 36 =0

4> — oy’ —32x+ 54y — 53 =0




Hyperbolas Practice Quiz ‘ SOLUTIONS

III. Graphing Hyperbolas
Graph the following hyperbolas; label the center, vertices, foci, and asymptotes.

)

A) 25x2—y? - 100x+75=0 3:;{4“1) 3= ;_q ;. B) 10(y—3f — 4(x— 57 =40
\\ \\ / / 25(}(-2)2 -}'2:25
j’ n 2
] &-2- L -1
V[T
\ \ / l center: (2, 0)
\/M a=1
(2,/0) b=5
(=311, ) K (7.1. q c=/26
/ \ asymptotes:

y=5x%-10

\
JAIRA y=-8x+10
\

vertices: (1, 0) (3. 0)

www.mathplane.com

("vertical hyperbola™)

center: (5, 3)

a
b=2
c=Af14

vertices:

center + b: (5, 5)
center —b: (5, 1)
foci:
center + ¢: (5, 3 +A14)
center —c: (5,3 —/'.J'ﬁ)

asymptotes:
slope: + _2

/ l \ \ foci: (24426, 0)
/ \ (2.-426. 0)
IV: Applications 2 },3 .,
-
A) Given: hyperbola 4x?—y?=
line x+3y=1 center: (0, 0)
a=1
‘What are the points of intersection? b= ,3 )
Solve algebraically and verify graphically. vertices: (-1, 0) (1, 0)
asymptotes:
Using substitution, 4x2 — yﬁ =4 y=2x y=-2%
41-39)° —yP =4 x=1-3y
4-24y +36y% —y* =4 Ify =0, then
_’ x+30)=1
35y < - 24y = =1 )
7 =0 * substitute to check
If y = 24/35, then aANsSwWers:
y(35y-24)=0 , .
4(-37/385)° - (24/35)" =4
y=0 and 24/35 447 - 47 =4~
417 - (0)* = 4
4=4 |~

B) Find the x and y-intercepts of the hyperbola.
Graph the hyperbola, labeling the intercepts.
put hyperbola into standard form:

xi-y? +ax+sy=13 N
(x2+4x+4)— (¥ 8yt 16)=13+4-16

The coordinates of the x-intercepts: (x, 0)

2 2
x2—0+4x+8(0)=13 &+ -4 =1
)
X"+ 4x—13=0 (quadratic formula) center: (-2, 4)
a=1
X=-2+,/17 approximately (-6.1, 0) b=1
—A1T 5 .
(2.1,0) vertices: (-1, 4) (-3, 4)
The coordinates of the y-intercepts: (0, y) asymptotes: y=x+6

0—y2+4(0)+ 8y =13 y==x+2

ﬂ
y -8y+13=0 approximately (0, 5.7)

(0,2.3)

y=4 i/\/j_

a0

KH3y=1

]

=
t
o

(3]




Parabola

"When does the
rocket land?"
6l
=1

7

ht) = —16t7+ 200t + 8 Masthe
AP. 0110

o

"Do we solve for 't'?
Or, for 'h'?"

Teaching this crew about quadratics
was a challenge for Professor Houston

"I don't know. I thought
we always solve for 'x'.
Where are the x's?"

"Uh, Mr. Houston,
we have a problem."”

rmooA
£r

Mission
Impossible




Parabola

Notes on Conics

What is it? A set of (coplanar) points that have the same distance to a given point (focus)
and to a line (directrix) that does not go through the focus.

Comments:

= Itis "U-shaped’

« A parabola has a quadratic equation. p

- A parabola is '1/2 a hyperbola'.

- vertex is halfway between b
focus and directrix

focus g
vertex
General Form: Ax>+Bxy+Cy>+Dx+Ey+F=0 ___~ T~

where Aor Cis 0

example: a=Db

distance P to focus =
(vertical parabola: there is no y2 term) distance P to directrix

Standard Form: y = a(x — h)z +k

Vertex: (h, k) if a = 0, parabola opens up

if a < 0, parabola opens down

Focus: (h,k+p)

where p= _1
P 4a
Directix: y=k—p
Example 1: y=x2-10x + 21
y
There is no y2 term, so we know it's a

(vertical) parabola.
General Form: x2—10x —y+21=0
Standard Form. (Also, called "Vertex Form')
(Use "completing the square' to transform.)
x2—-10x —y+21=0
x2-10x+25 —y+21=0+25
G=HE-9-y =4
x-5° =y+4

y= (x—57% —4

Vertex: (5, —4)

a=1 (parabola opens up)

p= % =.25
x-intercept: (0, 21)

Focus: (5,-3.75) y-intercepts: (3,0) (7,0)

Directrix: y=—4.25 axis of symmetry: x =3



Horizontal Parabola: Graphs and properties

Example 2: y2 —35x— 10y — 15=0

Notes on Conics

1
Since there is no x# term, this is a =5 a0, so the parabola opens to the right.
(horizontal) parabola.
h=-8 o s
k= 5 vertex: (—8. 5)
Complete the square to transform into h p
Standard Form. —8—5/4=-37/4
y2 —10y —5x — 15 =0
y2 —10y +25 —5x — 15 =0+25 T8 S =2
=3 -5 —5x =40
2
(y—35)" =40+ 5x
2
s5x= (y— 5 —40
1 2
x=—-F=5 -8
X
Comments: To check work and verify the sketch,
consider the axis of symmetry, vertex,
and intercepts.
vertex (-8, 5) vy —5x—10y—15=0
(5)2 —5(-8)— 10(5) — 15 = 0 y-intercepts: y* —5x—10y—15=0
2
25+40-50-15=0 y*—5(0)~10y-15=0
0=0L" y2 =10y —15=0
using quadratic formula.
y is approximately 11.32 or — 1.32
axis of symmetry: y =5 (0,11.32) and (0, -1.32)
(horizontal line
through the vertex) x-intercept: y2 —5x—10y—15=0
x=—31 (0)* - 5x - 10(0) — 15 =0 (-3, 0)
¥y x=-3

(0,11.32)

¥

3.0

Since (-3, 0) is a point on the parabola
and the axis of symmetry is y = 5, then
(-3, 10) is also a point on the parabola.
(i.e. same distance above and below
the axis of symmetry)



Finding the "p" value in a parabola

If you look at various math resources, you may see different approaches to finding the "p" value.
(***The formulas will depend on the position of the terms in Standard form.)
Option 1: The "a" value is with the "quadratic term"

= 2
i PT o y=la(x—hj|+k

2
Standard form: v=a(x—h) +k Standard form: x = a(y — k) Y
where (h, k) is vertex where (h, k) is vertex.

("Vertical Parabola") ("Horizontal Parabola")

=1 _ 1 =1 & a=_1

p T or a ip p I ip

Also, 2 Also, 2
y—k =a(x—h) x—h=ay—k)

Option 2: The "a" value is with the "linear term"

a=4p ay - K= (x—h)’

2 2

Standard form: a(y —k)= (x —h)~ Standard form:  a(x—h) = (y— k)
where (h, k) is the vertex where (b, k) is the vertex
("Vertical Parabola") ("Horizontal Parabola")

a=4dp a=4p

Example: For the following parabola, find the distance between the vertex and focus.

X} +4x—8y+36=0

This is a "vertical parabola" because there is an x2 term,
but there is no y2 term...

First, let's convert the equation from General form into Standard form.
(Complete the square)

x3+ax = 8y—36
x*+ax 4 = gy—36 +4

2
(x+2) =8 —32

(x+ 2)2 = 8y—4) The vertex (h, k) is (=2, 4)

Then, using the above formulas, find the "p" value...

2 1 2 1 2
x+2) = 3y—49) OR ?(x+2} =@y—4 o vy= ?(x+2} +4

(the "a" value is grouped with the linear term) (the "a" value is grouped with the quadratic term)

_ 1 1
a=4p a= ap b 4a The "p" value is 2,
1 so the focus is (-2, 6)
§=4dp 1 = 1 P= —
3 ap 4(1/8)
p=2

2



Latus Rectum

What is it? A line segment through the focus that is perpendicular to the line of symmetry (i.e. major axis),
where the endpoints are on the parabola.

The length of the latus rectum is 4p.

Graphing a parabola with details: using the lattice rectum

Distance from vertex to directrix: p

2p Distance from vertex to focus: p

Distance from focus to parabola (parallel to directrix): 2p

Example: (-7, 8) and (17, 8) are the endpoints of the latus rectum.
The directrix is y=—4

Determine the equation of the parabola, graph, and check your solutions

(-7.8) (5. 8) (17.8)

1) Since (-7, 8) and (17, 8) are endpoints of the latus rectum,

we know the focus is the midpoint: (3, 8) (5.2)

and, we know the parabola is vertical: Xz = dpy

2) Since the focus is (5, 8) and the directrix is y = -4,
the vertex is the midpoint! (5. 2)

&9’ = apy-2) \\

o]
=]

p is the distance between the focus and vertex: 6
(or, it's 1/4 the length of the latus rectum)

20

(=97 = 205~ 2)

4)  To check our answers, we'll test 3 points... f \ /
(5.2

(-7.8) > 144 = 24(6)

(17.8) > 144= 24(6)

(5,2) > 0 = 24(0) 10




Example: Write the equation of a parabola with a vertex at the origin Vertex Properties and Graphs

and directrix
x= _;— Sketch the parabola.
5
Since the directrix is a vertical line, Large sketch
we know the parabola opens left/right... by plotting points..
2
dpx =y~ . .
To check the graph, plug in points:
_ 1 ) o 5 10
pP=— (8,2) and (8, -2) are points on the curve

and fit in the equation!

Since the directrix is on the left of the
vertex (0, 0), we know the parabola opens

out to the right...
5
1 2
2 X=Y

Detailed magnified graph
with vertex, directrix, focus,
and latus rectum...

Vertex: (0, 0)
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) . -1 |
Directrix: x= — 1
8 T
|

|

|
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|

|

I

I
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Focus: (% ,0)

Latus Rectum: segment from

Example: 4x2 —ax - Sy+9=0 Identify the vertex, focus, directrix, axis of symmetry, and latus rectum.

Separate the x's and y's, then complete the square

4 -x - 14)=sy-9 +1 Axis of
Symmetry
2
4x—112) =8y—1)
2
(x—-12) =2y-1
Standard form of vertical parabola:
5 Focus
=) = 4p(v—k = Eatu
(x—h Py — k) L edtuh
(h, k) is vertex
4p=2 —> p=1 1
2 Vertex
Vertex: (L 1)
5 :
Focus 13 ) 0:5 (x— 1f2)2 =2y-1) |+——
272 -~ ¥
Directrix: y= ;—
Axis of Symmetry: x= %
. . -1 -0'5 0 05 1 115 2

Latus Rectum: Segment with endpoints

—1 3 3 3
Czoz) ' ()



Parabolas Practice Quiz

I. Parts of a Parabola

Identify the focus, vertex, and directrix of each parabola. Find 2 other points on each figure.

A) y=2x-T7+1 B) y= x*—11
Vertex: Vertex:
Focus: Focus:
Directrix: Directrix:

2 points: 2 points:

D) 3x* —y-24x+55=0
Vertex:
Focus:
Directrix:

2 points:

II. Equation of a Parabola

Determine the equation of each parabola from the given information.
(Express your answer in both general form and standard form)

A) ("semi-axis length™) p=2 B) Focus: (3, 6)

vertex: (1. 2) Directrix: y=-2

x-intercept does not exist.

i
C) x=-2(y+6) +4

Lh

Vertex:
Focus:
Directrix:
2 points:
2
E) y—x—10y+28=0

Vertex:

Focus:

Directrix:

2 points:

&)
e




Parabola Practice Quiz

III. Graphing Parabolas
Graph the following parabolas; label the vertex, focus, directrix and intercepts.

A) y=2x-3°%-1 B) —yl—x+8y—13=0

IV. Applications
N
A) Given Parabola: x"—10x—y+23=0
Line: x+y=9

Determine the point(s) of intersection.
Solve algebraically and verify graphically.

2
B) Given Parabola P: y=(x—3) +3

Find Parabola Q. where the vertex is the focus of P
and the focus is the vertex of P.

Sketch Parabolas P and Q.




-
; ; Standard form: y=a(x—h) +k
Parabolas Practice Quiz SOLUTIONS ( )
where (h, k) is vertex; p= %
4a
1. Parts of a Parabola (vertical parabola”)
Identify the focus, vertex, and directrix of each parabola. Find 2 other points on each figure.
2
A) y=2x-T +1 h=7 B) y= -1 h=0 C) x=-2(v+ 5)2+ 4 ("horizontal parabola")
k=1 k=-11
Vertex:  (7- 1) Vertex:  (0:-11) . Vertex: (4: -6) hi 4
1 p=1/8 - (parent fmepon- E— k=-6
Focus:  (7:17%) Focus:  (0.-43/4) quadratic shifted Focus: (3 7/5. 6) a=-2
——  down 11 units) -
Directrix: ¥ = 7/8 ifx=0, the;l Directrix: ¥ = -45/4 p—1/4 Directrix: <=4 1/8 p=-1/8
y=2(0-7) +1=099 —
2 points: (0. 99) . . 2 points: (W11, 0) x-intercepts: 2 points: (68, 0)
if x = 14, then )
(14. 99) o, A1 00 (A11,0) (-1, 0) (-68. -12)
y=2(14-7 +1=99 _ ) _
y-intercept:
focus: (h.k+p) (0, -11)
directrix: y=k-p ’ if y =0, then
x=-2(36) + 4 =-68
and

2 _ _ (complete the square and) put
+55= 2 .

D) 37—y -2+ 55=0 into standard/vertex form E) y"—x—10y+28=0 if y =-12, then
x=-2(36) + 4=-68

Vertex: (4. 7) 2 - Vertex: (3. 5)
3(x 8x )F55=y (change to standard form)
Focus: (4. 71/12) 2_ s5_ v . (31/4.5
3(x2 - 8x+16)+55—48 =y Focus: (31/4.5) 1 yi-10y  +28=x
B . Y — > i o 2 - . . x=2
Directrix: ¥ =6 11/12 y=3x—4)"+7 Directrix: 4 y?—10y +25 +28-25 =x
ints: (0, 55 h=4 letx = 0, then e (28.0) 2
2 points i, 0-y-0+55=0 2 points: x=(y—5 +3
. _ r=55 28,10 .
& a= 31“7 y=2 (28, 10) "horizontal parabola”, so
P 2
letx = 1. then h=3 x-intercept: lety =0,
3-y-24+55= k=5 then x = 28
y=34 a=1
II. Equation of a Parabola p=1/4 then, let v = 10...
and, x =28
Determine the equation of each parabola from the given information.
(Express your answer in both general form and standard form)

A) p=2 "semi-axis length" or 1/2 focal B) Focus: (3. 6) Q) x=6.25
vertex: (1, 2) parameter Directrix: y=-2 i
x-intercept does not exist

P The vertex is between the focus and E

since p= 1/4a 2=1/4a directrix: |
a=1/3 T :

- 3.2 h=3 k=2 ] t

h=1 .2 ™~ !
k=2 'p'is the distance from the vertex ;
since x-intercept does not exist, the to the focus (or the directrix): 4 units - i
parabola must be "vertical". p=4 (positive 4, because the focus - il i
1 2 is above the directrix) L] |
y=-—@x—-1)" +2 standard form :
§ p=1/4a s0, 4= 1/da - a=1/16 ;

expand and change to general form: S i

o v :1—16 (x—3)" +2 | standard form !
y= E(X"‘QX‘I‘])‘I‘Z :

1
2 x 17 _ X 6x , 9 directrix: x=6.25 :/
s 3 Ytg =0 Y= 96 16 T 16 T2 vertex: (6, 3) Yy tey-x-3=0
p=-25
general form 2 3x , 41 then, focus is (5.75, 3)
b=t X _2a 448l 7 : " .
6_8 16 77O p = 1/4a; therefore, a=-1 Horizontal parabola

that opens to the left"

-
general form x=-1y—-3)"+6




Parabola Practice Quiz

III. Graphing Parabolas

Graph the following parabolas; label the vertex, focus, directrix and intercepts.

A) y=2(x— 3)2 —4 ("vertical parabola opens up") B) —y'-x+8-13=0
N A
a=2
vertex (h, k) = (3, -4)
p=1/M4a= 1/8 L
directrix: y=-4 1/8 b
focus: (3, -3 7/8)
.
X-intercepts: |_A
lg‘ ] (3 +A2, 0)
Y 7 (3 -42.0)
y-intercept:
A | 4
(0. 14)
IV. Applications \
A) Given Parabola: XZ —10x—y+23=0 N
Line: x+y=9
Determine the point(s) of intersection. 247
Solve algebraically and verify graphically.
5 change parabola into standard form: \
Xx-10x-y+23=0 \
N
y=9-x y=x"-10x +23
use substitution: y= %% - 103 + 25+23-25
2 2
X -10x-(9-x)+23=0 y=(x—5 -2 \
>
T -0xF14=0 ifx=2,theny=7 vertex is (5, -2)
e T — and parabola opens up...
®-DE-7=0 ifx=7,theny=2
x=27
. 2
B) Given Parabola P: y=(x—3) +3 \
Find Parabola Q. where the vertex is the focus of P \
and the focus is the vertex of P. \
Sketch Parabolas P and Q. \‘
vertex P: (3, 3) focus Q: (3, 3) \
sincea=1,p=1/4 ,
Parabola P: y=(x—3) +3
therefore, Y,
2
focus P: (3, 3 1/4) vertex Q: (3.3 1/4) Parabola Q: y=—(x—3) + 3% f

Solutions

complete the square:

www.mathplane.com

5
y -8y +13==x

o8y +16+13-16=-x

(- 4-3==x

2
x=— (y—4) +3

("Horizontal parabola" opens

to the left)

a=-1

vertex: (3, 4)

p=-1/4

focus: (23/4, 4)

directrix: x=13 1/4

x-intercept: (-13. 0)

y-intercepts: (0, 4+ A{3)

(0,4 - 4[3)

directrix Q: y=31/2

sincep=-1/4, a=-1

Tt

[,

[

T

Lt
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Sands
of

Time

"I don't know. Maybe an hour?
Do you want to build something?"

‘ "Who is throwing

sand on me!?!7" l % %
"Ouch' Can you

i ﬁ move you:r axis?"

"OK, that's enough time.
Can we go home now?"

h—

Harry Jr. and the remaining Balance of
Conicks spend an Hour at Glasse Beach...




Thanks for downloading the packet. (Hope it helped!). We appreciate the support.
Proceeds go to site maintenance (and, treats for Norway the Husky?!).

Cheers...
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Mathplane Express for mobile at Mathplane.org



